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INTRODUCTION
The concept of Randers metric was proposed by physicist G. Randers in 1941 from the stand
point of general relativity [8]. Since then many authors made investigations on Randers spaces and
their geometrical properties [1, 5, 10]. They have obtained conditions for these spaces to be Berwald,
Landsberg, locally Landsberg and locally Berwald. In this paper we consi der a non-linear connection
constructed from the given non-linear connection and obtained conditions for Randers space to be
Berwald, locally Landsbergian and a space of scalar curvature based on the new connection. Randers
metrics are the Finsler metrics which are expressed in the form L = α + β, where α = (aij(x)yiyj)
1
2 is
a Riemannian metric and β = bi(x)yi is a 1-form.
1. NON-LINEAR CONNECTION ∗N ij
Let Fn = (Mn, L) be an n-dimensional Finsler space with the metric
L = α + β, (1.1)
where α = (aij(x)yiyj)
1
2 is a Riemannian metric and β = bi(x)yi is a 1-form. Then the space Fn
is called a Randers space and RΓ = (γijk, γ
i
0k, 0),where γ
i
jk
are Christoﬀel symbols constructed from
aij(x), is a Finsler connection on Fn. Let FΓ = (Γjik, N
i
j, Cj
i
k) be any Finsler connection on F
n. We
now consider a new non-linear connection ∗N ij(x, y) which is deﬁned by [2]
∗N ij(x, y) = N ij +
L|jyi
L
, (1.2)
where ’|j ’ denote the covariant diﬀerentiation with respect to FΓ. Then we have
∗Xk = ∂k − ∗N rk∂˙r = ∂k −N rk∂˙r −
L|kyr
L
∂˙r = Xk −
L|kyr
L
∂˙r. (1.3)
Now from Γijk =
1
2g
ir(Xjgrk + Xkgjr −Xrgjk) and by using (∂˙jgik)yj = 0, we have
∗Γj ik = Γj
i
k. (1.4)
Let ∗FΓ = (∗Γjik,
∗ N ik, Cj ik).
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Taking h-covariant derivative of L with respect to ∗FΓ, we get
L∗|k = ∗XkL = XkL−
L|kyr
L
∂˙rL = 0,
i.e. the new connection ∗FΓ is h-metrical.
Diﬀerentiating (1.2) by yk we get
∂˙k
∗N ij = ∂˙kN
i
j + (∂˙kL|j)l
i + LL|jhik. (1.5)
Then from (1.5), hv-torsion Pj ik = ∂˙kN
i
j − Γj ik of ∗FΓ is given by
∗Pj ik = Pj
i
k + lk|jl
i + LL|jhik, (1.6)
since the ordinary derivative commutes with the covariant derivative for scalar function L.
If N ij = γ0
i
j and if ’:’ denote the covariant diﬀerentiation with respect to RΓ , then we get
L:k = bi:kyi
and
lj:k =
(yj
α
+ bj
)
:k
= bj:k,
since yj:k = 0 and α:k = 0.
Therefore (1.6) becomes
∗Pj ik = Pj
i
k + bk:jl
i + br:jyrhik. (1.7)
If bi:j = 0, then from (1.7), we have
∗Pj ik = Pj
i
k.
Conversely suppose ∗Pj ik = Pj
i
k, then from (1.7) we get
bk:jl
i + br:jyrhik = 0.
Transvecting the above by yi we get bi:j = 0. As it is well known that [5], a Randers space is Berwald if
and only if bi:j = 0. Hence we can state that
Theorem 1.1. If in a Randers space Fn admitting ∗FΓ, N ij = γ0
i
j , then F
n is Berwald if and
only if the torsion of ∗FΓ coincides with that of FΓ.
Since ∗FΓ is h-metrical, we have
∂kL− ∗N rk ∂˙rL = 0. (1.8)
Suppose ∗N ij = γ0
i
j + Bij . From (1.1), we have
∂kL = ∂kα + ∂kβ.
Using these in (1.8), we get
bj:ky
j = Brkl
r,
since α:k = 0. Diﬀerentiating the above with respect to yi, we get
bi:k = Briklr + B
r
kLhir,
where Bijk = ∂˙jB
i
k. From the above equation we get that bi:j = 0 if and only if B
i
j = 0. Thus we have
Theorem 1.2. A Randers space Fn admitting ∗FΓ is a Berwald space if and only if ∗FΓ reduces
to the connection RΓ = (γijk, γ
i
0k, 0).
The (v)h-torsion ∗Rj ik of
∗FΓ is given by
∗Rjik =
∗Xk∗N ij − j/k, (1.9)
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where −j/k denote the interchange of j and k and substraction. Using (1.2) and (1.3) in (1.9), we get
∗Rjik = Rj
i
k + B
i
j|k −Brk∂˙rBij − j/k, (1.10)
where Bij =
L|jyi
L
. The formula (1.10) can be written as
∗Rj ik = Rj
i
k + {L|j|kli − L|jL|kli − j/k}
or
∗Rjik = Rj
i
k + {L|j|k − L|k|j}li. (1.11)
But by Ricci identity, we have
L|j|k − L|k|j = −(∂˙mL)Rjmk.
Therefore the equation (1.11) becomes
∗Rjik = Rj
i
k − lmRjmkli.
Transvecting the above by yj , we get
∗R0ik = R0ik + lmR0mkli. (1.12)
If Fn with FΓ is of scalar curvature K, then
R0
i
k = KL2hik.
Substituting this in (1.11), we get
∗R0ik = KL2hik,
since lmhmk = 0. Thus we can state that
Theorem 1.3. If a Randers space Fn is of scalar curvature K then the space Fn admitting ∗FΓ
is also of scalar curvature K.
2. h-RECURRENT FINSLER CONNECTION
We are concerned with The Finsler connection FΓ = (Γj ik, N
i
j , Cj
i
k) with respect to which L is
recurrent, i.e. L|k = akL.
Suppose recurrence vector ak = lk. Then li|j = lj li [4].
Then
Bij = ljy
i.
Taking covariant derivative of Bij with respect to FΓ, then we get
Bij|k = lj|ky
i + ljyi|k. (2.1)
Now consider ∂˙rBij = ∂˙r(ljy
i) = Lhjryi + ljδir , which then implies that
∂˙rB
i
jB
r
k = lky
r(Lhjryi + ljδir) = lkljy
i.
Substituting these in (2.1),we get
∗Rj ik = Rj ik + lj|ky
i + ljyi|k + lkljy
i − j/k. (2.2)
If N ij = γ0
i
j , then Rj
i
k =
rRj
i
k =
rRh
i
jky
h, where Rhijk is a Riemannian curvature tensor. Equa-
tion (2.22) becomes
∗Rj ik =
rRj
i
k + (bj:k − bk:j)yi.
Thus if bi(x) is localy a gradient vector, i.e. bi:j = 0, then ∗Rj ik =
rRj
i
k and conversely. Thus we can
state that
Theorem 2.1. If in a Randers space admitting ∗FΓ, (v)h-torsion ∗Rjik of
∗FΓ reduces to
Riemannian quantity rRj ik if and only if bi(x) is locally a gradient vector ﬁeld.
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3. WEAKLY LANDSBERGIAN AND BERWALD SPACES
Let ’:’ denote the covariant diﬀerentiation with respect to the connection RΓ = (γj ik, γ0
i
k, 0).
Let
rij =
1
2
(bi:j + bj:i), sij =
1
2
(bi:j − bj:i), (3.1)
rij = airrrjsij = airsrj, rj = brrrj, sj = brsrj ,
bi = airbr, b2 = arsbrbs, eij = rij + bisj + bjsi,
ei0 = eijyj, e0j = eijyi, e00 = eijyiyj .
The E-curvature Eij , the mean Landsberg curvature Ji are deﬁned by
Eij =
1
2
∂˙m∂˙i∂˙jG
m
and
Ji =
1
2
lrg
jk∂˙i∂˙j ∂˙kG
r.
The space Fn is weakly Berwaldian if Eij = 0 and weakly Landsbergian if Ji = 0. It is proved in [1] that
for a Randers metric L = α + β, the mean Landsberg curvature Ji is given by
Ji =
1
4
(n + 1)F−2α−2{2α(ei0α2 − yie00)− 2β(siα2 − yis0) + si0(α2 + β2) (3.2)
+ α2(ei0β − bie00) + β(ei0α2 − yie00)− 2(siα2 − yis0)(α2 + β2) + 4si0α2β}.
Taking the covariant derivative of bi with respect to ∗FΓ, we get
∗bi|k = ∂kbi − br∗Γirk = ∂kbi − brΓirk = bi|k.
Therefore
(a)∗rij = rij , (b)∗sij = sij, (c)∗Ji = Ji. (3.3)
If bi(x) is locally a gradient vector ﬁeld then sij = 0. Which then implies si = 0, sij = 0 and si0 = 0.
Substituting these in (3.1), we get rij = bi:j and eij = bi:j . Further We have e0j = ej0 = β:j . Putting
these in (3.2), we get
Ji =
1
4
(n + 1)F−2α−2{2α(ei0α2 − yie00) + α2(ei0β − bie00) + β(ei0α2 − yie00)}. (3.4)
If Ji = 0, then equation (3.4) reduces to
(2α + β)(ei0α2 − yie00) + α2(ei0β − bie00) = 0.
Transvecting the above by yi, we get
(2α + β)(e00(α2 − L2)) = 0
from which we get that e00 = 0.
Conversely suppose that e00 = 0. Diﬀerentiating the above with respect to yk, we get
∂˙k(e00) = β:k + bk:0.
Since e0k = ek0, we have ek0 = 0. Putting these in (3.4) we get ∗Ji = Ji = 0. Thus we have
Theorem 3.1. If in a Randers space Fn admitting ∗FΓ, bi(x) is locally a gradient vector ﬁeld
then Fn becomes locally Landsbergian if and only if bi:0 = 0.
Conformal change of the Randers metric L = α + β.
Let us consider the conformal change
L → L = ec(x)L.
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By this conformal change, we have
(a) bi = ecbi, α = ecα, aij = e2caij , β = ecβ, (3.5)
(b) N ij = N
i
j + δ
i
jc + cjy
i − ciyk,
(c) Γj
i
k = Γj
i
k + δ
i
jck + δ
i
kcj − cigjk.
The non linear connection ∗N ij is given by
∗N ij = N
i
j +
L|jyi
L
, (3.6)
since
L|jy
i
L
=
L|jyi
L
. From (1.4) , it follows that
∗Γj
i
k = Γj
i
k + δ
i
jck + δ
i
kcj − cigjk. (3.7)
Taking covariant derivative of bi with respect to ∗FΓ, we get
∗bi|j = ec[bi|j − bjci + brcrgij ].
Suppose Fn with ∗FΓ is Berwald. i.e. ∗bi|j = 0. Then we have
bi|j = bjci + brcrgij . (3.8)
Substituting this in (3.1),we get
sij =
1
2
[bicj + bjci]
and
rij = brcrgij − sij.
If bi(x) is locally a gradient vector ﬁeld, then we have sij = 0 and rij = brcrgij . This then implies that
eij = bgij , where b = brcr , e0j = byj , e00 = bL2. Substituting these in (3.4), we get
Ji =
1
4
(n + 1)F−2α−2b{2α(yiα2 − yiL2) + α2(yiβ − biL2) + β(yiα2 − yiL2)}. (3.9)
As the space Fn with ∗FΓ is Berwald, it is locally Landsberg and since ∗Ji = Ji, we have Ji = 0.
Now transvecting (3.9) by yi, after simpliﬁcation we get that b = 0. From which we get that rij = 0.
This implies that bi|j = −bj|i. Since bi is locally a gradient vector ﬁeld, we get bi|j = 0, i.e. the space Fn
is Berwald. Hence we can state that
Theorem 3.2 If in a Randers space Fn admitting ∗FΓ, bi(x) is locally a gradient vector ﬁeld
then Fn is Berwald if and only if Fn with respect to ∗FΓ is Berwald.
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